This note is concerned with the derivation of velocity potentials describing the generation of infinitesimal gravity waves in a motionless liquid with an inertial surface composed of uniformly distributed floating particles, due to fundamental line and point sources with time-dependent strengths submerged in a liquid of fimte constant depth.
Introduction
Velocity potentials due to fundamental time-harmonic singularities present in an ideal liquid with a free surface are useful in studying the problems of scattering or radiation of surface waves involving obstacles either partially immersed or fully submerged in the liquid. Thorne [5] listed the different forms of velocity potentials due to different kinds of time-harmonic singularities present in the liquid with a free surface and Rhodes-Robinson [2] modified these results by taking into account the effect of surface tension of the free surface. These time-harmonic potential functions are in fact solutions of certain boundary-value problems satisfying the Laplace's equation in the liquid medium except at a point where they are singular in a prescribed manner and satisfy a Churchill type boundary condition at the free surface.
Instead of a liquid with a free surface, if we have a liquid covered by an intertial surface composed of a thin uniformly distributed floating matter (e.g. broken ice), propagation of time-harmonic progressive gravity waves of any angular frequency is not possible if the inertial surface is too heavy (cf. RhodesRobinson [3] ). This necessitates considering initial value problems involving different types of singularities with time-dependent strengths. Rhodes-Robinson [3] considered a two-dimensional wave source submerged in a liquid of infinite depth with an inertial surface. In the present note we extend this to the case of finite depth of liquid including other different types of singularities from which infinite depth results can be obtained as a limiting case. We consider in §3 a variable two-dimensional wave source present in a liquid of finite depth, and in §4 variable point singularities (three-dimensional multipoles) also in liquid of finite depth. It is believed that the potential functions derived here and in [3] due to different types of singularities will be of use when problems associated with obstacles of different geometrical shapes present in a liquid with an inertial surface are considered.
Statement of the problem
We choose a rectangular cartesian coordinate system where the _y-axis is taken vertically downwards and xz plane is horizontal. Let an ideal liquid occupy the region 0 < y < h, h being the constant depth of the liquid, p being its volume density, and its surface being completely covered by an inertial surface composed of a thin uniformly distributed matter of area density pe(0 < e < 1). We assume its motion to be under gravity only and small, and let the motion commence at time / = 0 from a stage of rest; it is then irrotational and can be described by a velocity potential <p(x, y, z; t) for / > 0.
Assuming linearized theory, <p satisfies the Laplace's equation
except at a point of singularity, if any. As discussed in [3] 9 can be shown to satisfy the initial conditions
the linearized inertial surface condition
and the bottom condition
It may be noted that for a time-harmonic motion of circular frequency a, the inertial surface condition (2.3) becomes
Kq> + (1 -Ke)dq>/dy = 0 on y = 0, (2.5) [ 3 ] Singularities in inertial surface water waves 273
where K = o 2 /g. For 0 < Ke < 1, this is of the form
where
and (2.6) is thus merely a modification of the usual free-surface condition. However, as noted in [4] , for Ke > 1 the condition (2.5) does not allow propagation of progressive waves. Let <p(x, y, z; p) denote the Laplace transform of <p(x, y, z; t) defined as
then 9 is the solution of the boundary-value problem described by
except at a point of singularity,
and 3^/9^ = 0 on y = h. (2.10) <p can be obtained in a manner analogous to the corresponding time-harmonic problems in a liquid with a free surface. Laplace inversion will then give q>.
Line singularities
Let a line singularity be placed at the point (X, Y)(Y > 0) so that the potential denoted by G(x, y; X, Y; t), say, describes the symmetric motion due to a submerged wave source where the motion is two-dimensional and the potential is a function of x, y and t. Hence G satisfies the initial value problem described by (2.1) to (2.4) and
where m(t) is the time-dependent strength of the source. Then G(x, y; X, Y; p) satisfies the boundary-value problem described by (2.8) to (2.10) and
Thus, following Thome [4] , in the usual time-harmonic case G here can be represented by 
sinh/c/i Laplace inversion of (3.2) gives
•'o kh (3-6)
Now we consider three particular forms of the source strength m(t). When m(t) = S(t), the corresponding potential of impulsive source strength is given by
This result can be explained from the fact that as the source acts only instantaneously at / = 0, its effect will not be felt anywhere in the liquid region after a long lapse of time. 
This coincides with the expression obtained by Finkelstein [1] for e = 0. This potential exists for finite time only. As / -» oo, G 0 (t) does not possess a finite limit although grad G o has finite limit. In particular, as / -» oo
This has an analogy in the electrodynamic theory, where the potential at any point due to charges uniformly distributed on an infinite straight line is infinite, although the force field remains finite. When m(t) = sinat, we obtain the potential due to a time-harmonic wave source as^
Now to obtain the form of this potential as t -» oo, following Rhodes-Robinson [3] , we introduce a Cauchy principal value at k = k$, which is the positive zero of k sinh kh -K* coshkh when 0 «s Ke < 1. Hence as t -» oo, following [3] , we obtain after simplification,
of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0334270000005361 [6] We next show that the wave source potential (3.11) satisfies the radiation condition. Following Yu and Ursell [6] , we note that the integral
along the real k axis (indented at k = k$, where the integrand has a simple pole) is equal to the integral along arg/c = w/4, and thus clearly tends to zero as \x -X\ -» oo. Thus
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The second term is the finite contribution from the indentation at the pole).
Taking real parts we find that
(3-12) Thus the form of (3.11) represents an outgoing wave as \x -X\ -* oo.
When KE > 1, there is no zero of k(Ke -1) sinh kh + Kcosh kh for k > 0. Then by the Riemann-Lebesgue lemma the integral involving sin a? in (3.10) is wholly transient and after simplification we obtain
In this case there exists no outgoing wave as \x -X\ -» oo.
Making h -* oo all the results obtained here reduce to the corresponding results for infinite depth of liquid obtained in [3] .
In the case of variable multipoles 
Conclusion
Potential functions due to different types of singularities with time-dependent strengths submerged in a liquid of finite depth with an inertial surface are obtained. Making h -» oo the corresponding results for infinite depth of the liquid can be derived. Putting e = 0, the results reduce to those for a liquid with a free surface. As mentioned in [3] , these results can be extended to include the effect of surface tension at the inertial surface, to the case of two superposed liquids of either infinite or finite constant depth and height of the liquids that are separated by an inertial surface.
